MIXED PROBLEMS WITH A PARAMETER

A. SHLAPUNOV AND N. TARKHANOV

ABSTRACT. Let X be a smooth n-dimensional manifold and D be an open
connected set in X with smooth boundary 0D. Perturbing the Cauchy problem
for an elliptic system Au = f in D with data on a closed set I' C 9D we obtain
a family of mixed problems depending on a small parameter € > 0. Although
the mixed problems are subject to a non-coercive boundary condition on 9D\ I’
in general, each of them is uniquely solvable in an appropriate Hilbert space
Dr and the corresponding family {uc} of solutions approximates the solution
of the Cauchy problem in Dr whenever the solution exists. We also prove
that the existence of a solution to the Cauchy problem in Dy is equivalent to
the boundedness of the family {u.}. We thus derive a solvability condition
for the Cauchy problem and an effective method of constructing its solution.
Examples for Dirac operators in the Euclidean space R" are considered. In the
latter case we obtain a family of mixed boundary problems for the Helmholtz

equation.
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INTRODUCTION

This paper is based on the following simple observation. Consider an operator
equation Tu = f with a bounded operator T : H — H in Hilbert spaces. If there
is a u € H satisfying Tu = f then f is orthogonal to the null-space of the adjoint
operator T* in H. On the other hand, for f € (kerT*) the equation Tu = f
is obviously equivalent to T*Tu = T*f. The latter need not have any solution,
however, the slightly perturbed equation T*T'u 4+ eu = v is uniquely solvable for

any v € H, provided that € > 0. Note that the solution of the equation can be
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effectively constructed, for the operator T*7T + ¢ is positive definite. We thus get a
family

ue = (T*T + &) 'T* f
in H, whose limit is a good candidate for the solution of Tu = f that is orthogonal

to the null-space of T'. Indeed, if v € H satisfies Tv = 0 then by Lemma 12.1.25 of
[Tar95b] we get

(ue,v)g = (f,T(T*T—Fe)*lv)H
= (£, (TT* +e) 'Tv)z
= 0,

as desired. If f = T for some u € H, then u. = u — e(T*T + ¢)~'u is obviously
bounded in H.

Conversely, if the norm ||u.|| g is bounded uniformly in € < 1 then wu. converges
for € N\ 0 to the only solution u € H of Tw = f that is orthogonal to kerT'.

In this way we derive a solvability condition and an approximate solution to the
equation Tu = f in H. We refer the reader to Section 12.1.5 of [Tar95b] for an
extremal property of ..

When applying the approach in the study of the Cauchy problem for solutions
of an elliptic equation Au = f, one needs to complete it by refined analysis. By
the above, the calculus of the Cauchy problems which are ill-posed by the very
nature can be elaborated in the framework of the calculus of operators T*T + €l
depending on a parameter € > 0. In order to avoid sophisticated adjoint operators
one uses L? -scalar products which necessarily leads to unbounded closed operators
with dense domains. Hence, it requires much more efforts to make use of the
construction described above.

The operator T is given the domain consisting of those functions w in D which
are square integrable along with Au and whose Cauchy data with respect to A
vanish on a closed set I' C dD. Then the domain of the adjoint operator T is
proved to consist of square integrable functions g on D, such that the Cauchy data
of g with respect to A* vanish in the complement of I". It follows that the natural
domain of the Laplacian T*T is a subspace of square integrable functions v on D,
such that the Cauchy data of u with respect to A vanish on I" and the Cauchy data
of Tu with respect to A* vanish on D \ I'. This gives rise to a mixed boundary
value problem for the elliptic operator A*A in D similar to the classical Zaremba
problem [Zar10].

Our paper demonstrates rather strikingly that the calculus of Cauchy problems
for solutions of elliptic equations just amounts to the calculus of mixed bound-
ary value problems for elliptic equations with a parameter, cf. [Sim87]. While
this observation seems to be of purely mathematical interest, the explicit solutions
we construct by the classical Fourier method may be of practical importance in
applications.

1. PRELIMINARIES

Let X be a C"° manifold of dimension n with a smooth boundary 0.X. We
tacitly assume that it is embedded into a smooth closed manifold X of the same
dimension.
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For any smooth C-vector bundles E and F over X, we write Dift™(X; E, F') for
the space of all linear partial differential operators of order < m between sections
of F and F.

We denote by E* the conjugate bundle of E. Any Hermitian metric (.,.); on
FE gives rise to a sesquilinear bundle isomorphism *xg : E — E* by the equality
(xgv,u)y = (u,v), for all sections u and v of E.

Pick a volume form dz on X, thus identifying dual and conjugate bundles. For
A € Diff"(X; E, F), denote by A’ € Diff™"(X; F*, E*) the transposed operator and
by A* € Diff""(X; F, E) the formal adjoint operator. We have A* = *glA/*F, cf.
[Tar95b, 4.1.4] and elsewhere.

For an open set O C X, we write L?(O, E) for the Hilbert space of all measurable
sections of &/ over O with a finite norm (u, u)r2(0,5) = fo (u,u)zdx. We also denote
by H*(O, E) the Sobolev space of distribution sections of E over O, whose weak
derivatives up to order s belong to L*(O, E).

Given any open set O in X°, the interior of X, we let S4(O) stand for the
space of weak solutions to the equation Au = 0 in O. Obviously, the subspace of
H*(0, F) consisting of all weak solutions to Au = 0 is closed.

Write 0™ (A) for the principal homogeneous symbol of the operator A, o™ (A)
living on the (real) cotangent bundle 7*X of X. From now on we assume that
o™ (A) is injective away from the zero section of T*X. Hence it follows that the
Laplacian A*A is an elliptic differential operator of order 2m on X.

If the dimensions of F and F are equal then A is elliptic, too. Otherwise we will
call it overdetermined elliptic operator.

We can assume without restriction of generality that A is included into a com-
patibility complex of differential operators A* € Diff™ (X; E?, E**1) over X, where
i=0,1,...,N and A° = A. This complex is elliptic in a natural way, see for
instance [Tar95a, 4.1.2]). If A is elliptic then the compatibility complex is trivial,
ie., A" =0 for all i > 0.

Let D be a relatively compact domain in X° with a smooth boundary dD. For
u € L*(D, E) we always regard Au as a distribution section of F over D.

A large class of operators A possess the following property which is usually
referred to as Unique Continuation Property,

(U)s : Given any domain D C X°, if u € S4(D) vanishes on a non-empty
open subset of D then v = 0 in all of D.
This property implies in particular the existence of a left fundamental solution

for A in the interior of X.
Consider the Hermitian form

D(u,v) = (u,v)p2(p,g) + (Au, Av)2(p, F)

on the space C> (D, E) of all smooth sections of E over the closure of D. The func-
tional D(u) = /D(u, u) is usually called the Graph Norm related to the unbounded
operator A : L?(D, E) — L*(D, F). Write D4 for the completion of C*°(D, E) with
respect to D(+). Then D4 is a Hilbert space with the scalar product D(.,.), and A
maps D4 continuously to L?(D, F).

Note that if A = V is the gradient operator in R™ then Dy = H!(D). Let us
clarify what kind elements are in this space in the general case.

To this end we fix a Dirichlet system B;, j =0,1,...,m — 1, of order m — 1 on
0D. More precisely, each B; is a differential operator of type E — F}; and order
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m; < m—1in a neighbourhood U of 0D, where m; # m; for i # j. Moreover, the
symbols ™ (B;), if restricted to the conormal bundle of 0D, have ranks equal to
the dimensions of Fj. Set
t(u) = @7, Bju
forue H™(D, E).
For s > 0 we denote by H *°(9D, F;) the dual of the space H*(9D, F;) with
respect to the pairing in L?(0D, F}).

Lemma 1.1. For every u € Da, we have v € H{".(D, E). Moreover t(u) has weak

loc

boundary values on D belonging to @;"ZBlH*mﬁl/z (0D, F;).

Proof. Fix an element u € D4. Since A is elliptic we deduce from Au € L?(D, F)
that u € H.(D, E).
As usual, we denote by H~™(D, E) the completion of C*°(D, E) with respect
to the norm
|(w;v) 2D, B)|
[t|—pmy = sup

vEC® (D,E) W
t(v)=0

Then we easily verify that A* extends to a map of L?(D, F) to H~"(D, E), more
explicitly,
(A*fa U) = (f7 A’U)LZ(D,F)

for each f € L*(D,F) and v € H™(D, E).

By the very definition, the distribution A*f is always orthogonal under the
pairing in L?(D, E) to the null-space of the Dirichlet problem for A*A. Therefore,
for every f € L?(D, F) there exists a section Gf € H™(D, E) satisfying A*AGf =
A*fin D and t(Gf) = 0 on 9D, see for instance [SST03]. Any u € D4 can be thus
presented in the form

u=GAu+ (u— G Au).

By the construction, we get G Au € }}m(D,E) and u — G Au € Dy NSa-a(D).
Asu— G Au € L?(D, E) is of finite order growth near D, we conclude by Lemma
9.4.4 of [Tar95b] that t(u — G Au) has weak boundary values on 0D belonging to
G H-mi—2(0D, Fy).

As t(G Au) € @;';ngm—m.f—l/Z‘(aD, F;) vanishes on the boundary even in the
usual sense for Sobolev spaces, the proof is complete. ([

Let {C; };”:_01 be the adjoint Dirichlet system for {B; ;”:_01 with respect to the
Green formula for A (see for instance [Tar95b, Remark 9.2.6]). For g € H™(D, F),
we set

n(g) = @75 Cjg.

Suppose I is a closed subset of OD. The cases I' = ) and I" = D are permitted,
too. We write I'° for the interior of I" in the relative topology of dD.

Given any u € L?(D, E) with Au € L?(D, F), we say that t(u) = 0 on the set I"
if

(L1) /D (A 9)s — (u, A"g),) de = 0

for all sections g € C°°(D, F) satisfying n(g) =0 on D \ I'°.
Lemma 1.2. Ifu €Dy and t(u) =0 on I' thenu e HZ. (DU, E).
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In particular, ¢(u) has zero boundary values on I'° in the usual sense of Sobolev
spaces.

Proof. The case I' = () has been already treated in Lemma 1.1. Assume that I' is

non-empty.
Choose a smooth real-valued function ¢ on X with the property that
(1.2) D={ze€X: olx) <0}

and Vo(z) # 0 for all z € OD. Set D, = {z € X : p(x) < e}, then D_. € D € D,
for all sufficiently small ¢ > 0, and the boundary of D.. is as smooth as the
boundary of D.

We first show that the weak boundary values of ¢(u) vanish on I' in the sense
that

m—1

for all g; € C*(U, F;), j =0,1,...,m — 1, satisfying (suppg,;) N 0D C I'. To this
end, choose a function g € C°°(D, F), such that n(g) = @7-”:_01% on 0D, cf. Lemma
9.3.5 in [Tar95b]. Since u € L?(D, E) and Au € L*(D, F), we obtain by the Green
formula

m—1
Jim [ L Bg)ds = iy | (g, - a9 da

—e

B /((Au,g)m—(u,A*g)z)dx
D

=0

because t(u) = 0 on I in the sense of (1.1) and g € C°°(D, F) satisfies n(g) = 0 on
0D\ I'°.

We thus have A*Au € H~™(D, E) and the weak boundary values of ¢(u) vanish
on I'. As A*A is an elliptic operator of order 2m and u — t(u) is a Dirichlet system
of order m — 1, we conclude using the local regularity theorem for solutions of the
Dirichlet problem for A*A that uw € H{.(DUI'®) (see for instance Theorem 9.3.17

loc

of [Tar95b]), as desired. O

The proof actually shows that for sections u € L*(D, E) with Au € L*(D, F)
the equality (1.1) just amounts to saying that the weak boundary values of ¢(u)
vanish on I'°.

Let D7 stand for the completion of the space of all sections u in C*=(D, E),
satisfying ¢(u) = 0 on I', with respect to the norm u — D(u). By the very
definition, D is a closed subspace in D4, and it is a Hilbert space itself with the
induced Hilbert structure. .

It is well known that if I is the whole boundary then Dy = H™(D, E), the
closure of C (D, FE) in H™(D, E).

comp

Lemma 1.3. If u € Dy then t(u) =0 on I' in the sense of (1.1).

Proof. If uw € Dr then there exists a sequence {uy}ren in C®(D, E) satisfying
t(ux) = 0 on I', such that
lim D(uy —u) =0.

k—o0
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Hence
[ (g - @argis = Jim [ (Aug)s — (ur A%0)) ds
D k—oo Jp
m—1
= leIEO/SD Z(Bjuk,ng)zds
7=0
= 0
for all g € C®(D, F) satisfying n(g) = 0 on 9D \ I'°, because t(uy) = 0 on I.
Therefore, t(u) = 0 on OI'. O

We are now in a position to characterise the space D7 in a much more convenient
way.

Theorem 1.4. As defined above, Dr is a closed subspace of Dy consisting of all
u € Dy satisfying t(u) =0 on I.

Proof. Write H for the subspace of D4 consisting of all u € D4 satisfying ¢(u) = 0
on I'. Tt is easy to see that H is a closed subspace of D 4. Lemma 1.3 states that
Dr is a subspace of H. Since Dr is complete by the very definition, we shall have
established the theorem if we prove that the orthogonal complement D7 of Dr in
H is zero.

To this end, pick a section u € H satisfying D(u,v) = 0 for all v € C*°(D, E),
such that ¢(v) = 0 on I'. If moreover v fulfills n(Av) = 0 on 9D \ I'° then we
readily get

(1.3) (u, (A"A+ I)v)2(p,p) =0,

which is due to (1.1).

We now observe that every w € C°°(D, E) can be approximated in the L?(D, E) -
norm by sections of the form (A*A + 1)v, where v € C*®(D, E) satisfies t(v) = 0
on I' and n(Av) =0 on 9D \ I'°. This latter is a consequence of the fact that the
unbounded operator T*T + 1 in L?(D, E) with domain Dr-7 is positive, and so
invertible, see § 3 below. We thus deduce from (1.3) that w = 0. It follows that
D7 = {0}, as desired. O

2. THE CAUCHY PROBLEM

A rough formulation of the Cauchy problem for the operator A in the domain D
reads as follows: Given any sections f of F' over D and ug of @T;ole over I, find
a section u of E over D, such that Au = f in D and ¢(u) has suitable limit values
on I' coinciding with ug.

Note that some regularity of u up to I' is needed for ¢(u) to possess limit values
on I'. Moreover, we are going to use Hilbert space methods for the study of the
Cauchy problem. Hence the space D4 seems to be a natural choice for posing the
problem.

What is still lacking is a proper function space B(I") for the Cauchy data ug on
I'. Tt is not difficult to introduce such a space in the case where I' is the entire
boundary, namely

B(OD) = Da/H™(D, E).
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By Lemma 1.1, this quotient space can be specified within @;.”:_01 H-m™i—1/ 20D, F;)
under t, although the norm of the former is essentially stronger than the norm of
the latter.

Theorem 1.4 suggests us to set

Dy
=D,
in general. Using the approach of [Tar95b, Ch. 1] one can specify B(I') within
@;”:_OlH*mfl/Q(F, F;) under t. Of course, it is difficult to explicitly describe the
elements of B(I'). However, for applications it suffices to know that there is a
natural embedding

B(I)

@ Hm M2 Fy) — B(T).

Using the spaces B(I') allows one to reduce the Cauchy problem with non-
zero Cauchy data on I' to the Cauchy problem with homogeneous boundary data.
Indeed, given f € L?(D, F) and uy € B(I'), we look for a section u € D4 satisfying
Au = fin D and t(u) = uo on I'. By the very definition of the space B(I") there is a
Uy € D4 with the property that 7(Up) = ug on I'. This latter equality just amounts
to saying that Uy —ug € Dr. Set u = Uy+U, then u € D4 is equivalent to U € D 4.
Furthermore, t(u) = ug on I' is equivalent to ¢(U) = 0. Since AU = f — AU, and
AUy € L?(D, F), substituting u = Uy + U into the problem leads to the Cauchy
problem with ug = 0.

Problem 2.1. Let f € L?*(D, F) be an arbitrary section. Find u € Dz such that
Au = fin D.

If I'° # () and the Unique Continuation Property (U)s holds for A then Problem
2.1 has at most one solution, cf. Theorem 10.3.5 of [Tar95b]. Otherwise we can not
guarantee that the null-space S 4(D)NDr of this problem is trivial. It is well known
that the Cauchy problem for elliptic equations is ill-posed in general. Moreover, if
A is overdetermined then additional necessary conditions arise for the problem to
be solvable. In fact, these conditions reflect the fact that the image of Dy by A
may be not dense in L?(D, F).

Let us formulate this more precisely. To this end, we invoke as usual the bound-
ary conditions which are adjoint for ¢ with respect to the Green formula in D.
Similarly to (1.1), for g € L?(D, F) with A*g € L*(D, E), we say that n(g) = 0 on
the set 0D \ I'° if

(2'1) /D ((Au,g)a: - (u’ A*g)w) dr =0

for all sections u € C*°(D, E) satisfying t(u) =0 on I.

Recall that A € Diff™ (X; F, E?) stands for a compatibility operator for A over
X, ie.,, A' is in a sense “smallest” differential operator with the property that
A'A =0 on X. We make use of the Green formula for A! in the same way as above
to introduce the relations “n(v) = 0 on 9D \ I'°”, for all sections v € L?(D, E?)
with A'*v € L?(D, F), and “t(f) = 0 on I, for all sections f € L*(D, F) with
Alf € L2(D, E?).

The boundary equations n(v) = 0 for sections of E? and t(f) = 0 for sections of
F' are no longer induced by any Dirichlet system on 0D as those at steps 1 and 0,
respectively.
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Lemma 2.1. Assume that f € L*(D, F) belongs to the closure of ADr in L*(D, F).
Then

1) A'f =0 in D in the sense of distributions;

2) t(f)=0o0nT;

3) (f,9)r2(p,p) =0 for allg € L*(D, F) satisfying A*g = 0 in D and n(g) =0
on dD\ I'°.

Proof.

1) Let f belong to the closure of ADr in L?(D, F). Then there is a sequence
{ug }ren in Dz, such that {Auy}ren converges to f in L?(D, F). Without loss of
generality we may assume that each wuy, is of class C°°(D, E), for such functions are
dense in Dy. As A'A =0, we get

(f,A"0)2(ppy = klggo(AumAl*U)L?(D,F)
lim (uk, (AlA)*U)Lz(D’E)
k—o0

= 1lim 0
k—o0

= 0

for all v € C°°(D, E?) satisfying n(A'*v) = 0 on 9D \ I'°. In particular, this
equality is fulfilled for all sections v € C*°(D, E?) of compact supports in D, which
implies A'f =0 in D.

2) Suppose v € C*°(D, E?) is any section satisfying n(v) =0 on dD \ I'"°. Then
n(A™v) = 0 holds on D \ I'°, too, which is a consequence of A*A'* = 0 and
Stokes’ formula. By 1), we get

(A e = /D (A f,0)s — (f, A*0),) da
= 0,

the first equality being a consequence of the fact that A'f = 0 in D. Hence it
follows that ¢(f) =0 on I
3) Finally,

([, 92 F) = (Aug, 9)r2(p,F)

lim
k—o0
= lim [ ((Aug,9)e — (ug, A*g)e) da
k—o0 D

= lim 0
k—o00

= 0
provided that g € L?(D, F) satisfies A*g = 01in D and n(g) =0 on D \ I'°. This
proves 3). O

The condition 3) is not only necessary but also sufficient in order that f would
belong to the closure of ADy in L?(D, F).

Lemma 2.2. If f satisfies the condition 3) of Lemma 2.1 then f lies in the closure
of ADy in L?*(D, F).

Proof. Write V for the space of all g € L?(D, F) satisfying A*g = 0 in D and
n(g) = 0 on 9D \ I'°. We shall have established the lemma if we show that V
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coincides with the orthogonal complement of the image ADr in L?(D,F). By
definition, g € (ADr)* if

(22) (9, AU)L2(D,F) =0
for all w € Dp. Since Dy contains all smooth functions of compact support in D, we

conclude that (ADr)t C Sa«(D). Then equality (2.2) imlplies that (ADz)+ C V
because

(9, Aw) 2o, = — /D (A%g,u)s — (g, Au)y) da

forall g e V.
On the other hand, the inclusion V' C (ADr)* follows from (1.1) because each
u € Dr can be approximated in the norm D(-) by sections ux € C°°(D, E) satisfying
t(ug) =0on I O
Denote by H!(D, I') the space of all g € L?(D, F) satisfying A*g = A'g =0 in
D and n(g) = 0 on dD \ I'°. Following [SST03] we call H'(D, I') the harmonic
space in the Cauchy problem with data on I". This is an analogue of the well-known

harmonic spaces in the Neumann problem for the Laplace operator, cf. [Tar95a,
4.1].

Lemma 2.3. When combined with

4) (f,9)r2(p,r) =0 for all g € H'(D, T,
the condition 1) of Lemma 2.1 implies that f belongs to the closure of ADrp in
L*(D,F).

Proof. Let the conditions 1) and 4) are fulfilled for f € L?(D,F). The proof of
Lemma 2.2 shows that

(2.3) f=rhh+f,

where f; belongs to the closure of AD7 in L?(D,F) and fo, € V. As A'f =0in D,
we deduce by Lemma 2.1 that A'f, = 0 in D. This means fo € H'(D, I'). Finally,
4) implies

0 = (f,f2)e2p.p)
= (f2, f2)r2(0,F)
whence f = 0, and so f belongs to the closure of ADr in L?(D, F). a

Obviously, if f belongs to the closure of ADy in L?(D, F) then it satisfies 4)
by Lemma 2.1, 3). It follows that the condition 3) of Lemma 2.1 is equivalent to
1) +4).

Lemma 2.4. When combined with

5 (f,9)r2(p.r) =0 for all g € H' (D, T') satisfying t(g) =0 on I,
the conditions 1) and 2) of Lemma 2.1 imply that f belongs to the closure of ADrp
in L*>(D, F).

Proof. Let the conditions 1), 2) and 5) hold true for f € L?(D, F). Taking into
account Lemma 2.1 and decomposition (2.3) we readily conclude that A'fy = 0 in
D and t(f2) =0 on I'. Finally, 5) implies

0 = (f,fo)r2p,r)
= (f2, f2)r2(p,P)
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whence fo = 0. Thus, f = f; belongs to the closure of ADy in L?(D,F), as
desired. ([

Remark 2.1. Of course, if A is elliptic then A = 0 and the conditions 1) and
2) are always fulfilled. As for the condition 3), one easily proves that each g €
L?(D, F) satisfying A*g = 0 in D and n(g) = 0 on dD \ I'° vanishes identically
in all of D, provided that A* is elliptic, I" # 0D and A* possesses the Unique
Continuation Property (U)s in a neighbourhood of D (see, for instance, [Tar95b,
Theorem 10.3.5]). If A is overdetermined elliptic then the domain D should possess
some convexity property relative to A, in order that H1(D,I') or {g € H'(D,T') :
t(g) = 0 on I'} might be trivial. In the case I" = () we refer the reader to [Tar95a,
4.1.3] for more details.

We have thus described the closure of ADr in L?(D, F). It is a more difficult
task to describe the image A Dr itself. The following lemma is the first step in this
direction.

Lemma 2.5. Let f € L?(D, F) belong to the closure of ADr in L*(D,F). Then
a section u € Dp is a solution to Problem 2.1 if and only if

(2.4) (Au, AU)L?(D,F) = (f, AU)LZ(D,F)
for allv € Drp.

Proof. If Problem 2.1 is solvable and u is one of its solutions then (2.4) is obviously
satisfied.

Conversely, if (2.4) holds for an element v € Dr then A*(Au — f) = 0 in D
because the space D contains all smooth functions of compact support in D. It
follows that

/D((A*(Au—f),v)w—(Au—f,Av)a;)d:v = —(Au— f, Av)r2(p,F)
- 0

for all v € C°°(D, E) satisfying t(v) = 0 on I', which is due to (2.4). Hence
n(Au— f) =0 on 9D \ I'°. Finally, since both Au and f belong to the closure of
ADr in L?(D, F), Lemma 2.1, 3) shows that

(Au— f, Au— f)r2(p,F) = 0,
ie,, Au= fin D. (|

In conclusion of this section let us clarify the meaning of (2.4). Namely, this
equality amounts to saying that a solution u € Dr of the Cauchy problem Au = f
is actually a solution to the mixed problem

A*Au = A*f in D;
(2.5) t(u) = 0 on T,
n(Au) = n(f) on 9D\ I°.

Indeed, the proof of Lemma 2.5 shows that A*Au = A*f in D in the sense of
distributions and n(Au) = n(f) in the sense that n(Au — f) =0 on 9D\ I'°. In
particular, if n(f) is well defined on dD \ I'° then also n(Au) is well defined on
oD\ I'°.

Of course, the mixed problem (2.5) considered in appropriate spaces gives noth-
ing but (2.4).
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In the next sections we will systematically use the generalised setting (2.4) of
Problem 2.1 in order to derive its solvability conditions.

3. A PERTURBATION

Equation (2.4) surprisingly shows that Problem 2.1 may be well posed in many
cases. Namely, this is the case if the Hermitian form (A-, A-)p2(p p) is actually
a scalar product on Dr inducing the same topology as the original scalar product
D(-,). For example, not only the gradient operator V in R™ meets this latter condi-
tion but also many other overdetermined elliptic operators A with finite-dimensional
kernel S4(D). Of course, (A-, A-)2(p,r) is always a scalar product on Dy if I' # ()
and A possesses the property (U)s. However, the completion of Dy with respect
to (A, A-)p2(p,F) may lead to a space with elements of arbitrary order of growth
near 0D.

This observation suggests us to perturb the Hermitian form (A-, A-)z2(p, py thus
obtaining a “good” scalar product on Dr. For this purpose let us introduce a family
of Hermitian forms

(u,v)e = (Au, Av)r2(p, ) + € (4, V) 12(D, B)

on Dr, parametrised by € > 0. For each fixed ¢ > 0, the corresponding norm
lu]le = v/ (u,u)e is equivalent to the graph norm D(u) on Dr. More precisely, we
get

(3.1) min{1, vz} D(w) < [[ull. < max{1,v&} D(u)

for all u € Dy.
Taking into account Lemma 2.5 we now consider the following perturbed Cauchy
problem:

Problem 3.1. Given any f € L?(D, F) and h € L?(D, E), find an element u. € Dy
satisfying

(3.2) (Aus, AU)L2(D,F) +e (ua U)L2(D,E) = (f7 AU)L?(D,F) +e (h, U)Lz(D,E
for all v € Drp.

Note that the equation (3.2) leads to a perturbation of mixed problem (2.5),
more precisely,

A*Auc +eu. = A*f+eh in D;
(3.3) tue) = 0 on I,
n(Aus) = n(f) on JD\I°.

Indeed, since the space Dp contains all smooth functions with compact support
in D, (3.2) implies A* Au. +eu. = A*f+ehin D in the sense of distributions. The
boundary condition t(u.) = 0 on I" follows from Lemma 1.3. Finally, n(Au.) = n(f)
holds in the sense that n(Au. — f) on D \ I'° because

A*(Aue — f) = e(h—ue)
€ L*(D,E)
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in D and

/D (A*(Auz — f),0)s — (Aue — f, Av),) de

= e(h—ue, U)LZ(D,E) — (Au. — f, AU)LZ(D,F)
=0

for all v € C°(D, E) satisfying t(v) = 0 on I, the latter equality being due to
(3.2). If the restriction of n(f) to 0D \ I'° makes sense, then the restriction of
n(Au) does so.

If considered in appropriate function spaces, the mixed problem (3.3) gives cer-
tainly nothing but (3.2).

In general, mixed problems (2.5) and (3.3) have non-coercive boundary condi-
tions on D\ I'°. Hence they fail to be well-posed in the relevant weighted Sobolev
spaces, cf. [HS01]. The principal difference between Problems 2.1 and 3.1 is that
the last one is well-posed in Drp.

Lemma 3.1. For every ¢ > 0, f € L?(D,F) and h € L*(D,E) there exists a
unique solution ue(f, h) € Dy to Problem 3.1. Moreover, it satisfies

Jue(fs W)l < N fll2o,r) + Ve lPllL2(p,B)-

Proof. Really, the estimates (3.1) imply that the vector space D endowed with
the scalar product (-,-).) is a Hilbert space. The Schwarz inequality yields

|(f7 Av)r2(p,ry + € (h, 'U)L"’(DtE)|

< flle2o,mlAv] L2, ry + € [Pl L2(D,7) V]| L2(D, E)
< fllez,mllvlle + Ve lhllLz,ry \/ eV b
< ce(f, h) vl

with
ce(f,h) = 1fllz2p,ry + Vel L2 (p,E)-
Hence the map
v (f, Av)r2(p,r) + € (h,v)L2(D,B)

defines a continuous linear functional F¢; on Dy, whose norm is majorised by

[ Fs.nll < ce(f,h).
We now use the Riesz theorem to conclude that there exists a unique element

ue(f, h) € Dy with

Frn(v) = (ue(f, h),v)e
for every v € Dr. Clearly, u.(f,h) is a solution to Problem 3.1. Finally, by the
Riesz theorem we get

lus(f, h)l|e < ce(f,h),
as desired. O

The equations (3.3) show that Lemma 3.1 gives information on the solvability
of a mixed problem for the elliptic operator A* A + ¢ with very special data on D,
I and 9D \ I'°. Let us clarify what kind solvability theorems can be obtained for
arbitrary data.
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For a triple w € L?(D, E) and

ug € @ HITmT V(T F),

(3.4) w € @M H 29D\ T°, Fy),

we investigate the problem of finding a section u of the bundle £ over D which
satisfies

A*Au+eu = w in D;
(3.5) t(u) = wy on T,
n(Au) = w3 on 9D\ I°,

the equations in D and on the boundary of D being understood in a proper sense.
From what has already been proved it is clear what we mean by this proper sense,
namely

(AU79)L2(D,F) - (U7A*9)L2(D,E) = (Uo,n(g))@LZ(r,F_j),
(u,v)e = (w,v)r2(p,E) — (u1,t(v))gL20D\ e, F))
(3.6)
for all g € C>(D, F) satisfying n(g) = 0 on 9D \ I'°, and for all v € C>(D, E)
satisfying t(v) = 0 on I, respectively.

Theorem 3.2. Let (A*A)? possess the Unique Continuation Property (U)s. Then,
for every triple (w,ug,uy) there exists a unique solution u € DaNHZ(DUT®, E)

loc
to Problem 3.5. Moreover, there is a constant C(¢) > 0 which does not depend on

(w,ug,u1), such that
(3.7)

2 < @) (Iwlap,my + 1012 fam-my 173y + N0t 1725 o)

Proof. Choose arbitrary ug and u; as in (3.4). Obviously, there are sections

Uy € &) H™™ m~1%0D, Fy),

Ui € @ Hmmi~Y2(0D, F;),

such that Uy = up on I', Uy = w1 on 9D \ I'° and

2 2
||UOH@H2m7mJ'71/2(8D,F]~) + HUl||®Hm—mj—1/2(8D’Fj)

< 2(||UOHZBH27"77"J'71/2(F,F]-) + Hul||§BHm7mJ'71/2(BD\F°,Fj))'
(3.8)
As the pair {t,n o A} is a Dirichlet system of order 2m — 1 on 9D, solving the

Dirichlet problem for (A*A)? yields a section U’ € H?*™(D, E) with the following
properties

(A*A)?U’ = 0 in D;
(3.9 t(U') = Uy on 09D,
n(AU') = U; on OD.

Moreover, there exists a positive constant C' > 0 which is independent of U, such
that

(3.10) U032 (o) < c(||U0H§BH2m,m,m

see for instance [Tar95b].

o

(0D, F, Hm*mrl/z(aD,Fj))



14 A. SHLAPUNOV AND N. TARKHANOV

According to Lemma 3.1 there exists a solution U” € Dz to Problem 3.1 with
f =0 and

1
ho= —(w—A"AU") U
€ L*(D,E).

Set w = U’ + U”. Then, integrating by parts and using Lemma 3.1 we easily
obtain

((A*A + E)UlaU)L2(D,E) — (n(AU/),t(’U))@[g(aD’Fj)
(wav)LQ(D,E) — ((A*A + €)U/,’U)L2(D7E)

(w,v)p2(p,Ey — (u1,L(V))@r2(0D\ o, F))

(u,v)e

+

for every v € C*°(D, E) satisfying t(v) = 0 on I, i.e., the second equality of (3.6)
holds true. B

On the other hand, for every g € C*°(D, F) satisfying n(g) =0 on 9D \ I'°, we
get

(Au, 9)r2(p,py — (U, A*g)12(D,B)
= (AU, 9)r2p,ry — (U, A%9)12(p,5) + (AU", 9) 12D,y — (U", A%9) 12D, B
= (AU, 9)r2(p,r) — (U, A"9)12(D,B)

because U” € Dr. Once again integrating by parts we obtain

(AU, 9)2(p,ry — (U, A*9)2(p,py = ((U'),n(9))aL20D,F,)

= (u07n(9))®L2(F,Fj)a

i.e., the first equality of (3.6) is fulfilled.

By the elliptic regularity of the Dirichlet problem for the operator A*A + ¢ we
deduce that u € HZ™(DUTI'°, E).

If all of w and wug, uy vanish then (3.6) and Theorem 1.4 imply that the corre-
sponding solution u lies in Dy. On the other hand, the second equality of (3.6)
means that u is orthogonal to Dr with respect to (-,-)e, i.e., w = 0 which proves
the uniqueness.

Finally, according to Lemma 3.1 we get

lulle < 1U]le + 10"l

1 *
< el o,m) + == (lwllzao,m) + 14" AV 20,5 ) + VEINU 2D,

NG
Combining this estimate with (3.8) and (3.10) we arrive at (3.7), as desired. O

One sees that the regularity up to 0D of the solution w in Theorem 3.2 fails
to correspond to the smoothness of the data w and ug, u;. To justify this we
recall that the boundary conditions no A on 9D \ I'° are not coercive in general.
Were n o A coercive we would have u € HZ™(D \ OI', E). However, we could not
guarantee even in this case that u € H*(D, E) for some s > m unless certain
additional conditions were imposed on the triple (w,ug,u1) on OI'. This is typical
for the mixed problems, cf. [Esk73], [HS01] and elsewhere.
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4. THE MAIN THEOREM

Set us(f) = ue(f,0). The inequalities (3.1) and Lemma 3.1 give us a rough
estimate for the family {u.(f)}e>0, namely

D(us(f)) < \i[ Ty

Thus, it might be unbounded while £ — 0+.

Let us see how the behaviour of the family {u.(f)}>0 reflects on the solvability
of Problem 2.1.

Theorem 4.1. The family {u.(f)}eso is bounded in Dr if and only if there exists
u € Dr satisfying (2.4).

Proof. We first prove the following lemma.

Lemma 4.2. Let there be a set A C (0,+00), such that

1) zero is an accumulation point of A;
2) the family {us(f)}sea is bounded in Dr.

Then there exists u € Dy satisfying (2.4).

Proof. Suppose zero is an accumulation point of A and the family {us(f)}sea is
bounded in Dr. By (3.2), we have

(Aué(f>7Av)L2(D,F) +0 (utS(f)a'U)Lz(D,E) = (f, AU)L?(D,F)

for all v € Dp. Passing to the limit, when A 5 § — 0, in the last equality and using
the fact that {us(f)}sea is bounded, we obtain

(4.1) 5£%+(Au5(f)7Av)L2(D,F) = (f, AU)LZ(D,F)

for all v € Dr.

It is well known that every bounded set in a Hilbert space is weakly compact.
Hence there is a subsequence {us,(f)} C Dr weakly convergent in Dr to an element
u € Dp. Here, {0,} converges to 0 when j — oo.

Note that (3.2) implies

(ue(f),v)r2(p,E) = 0

for all v € Dp N Sa(D), ie., both {us, (f)} and u are L?(D, E)-orthogonal to
Dy NSa(D). Let us show that {us,(f)} converges weakly to u in L?(D, E) when
Jj — oo.

Given any v € L?(D, E), the map u + (u, v)12(p,p) defines a continuous linear
functional 7, on Dr with || F,|| < [|v][z2(p,z). We now invoke the Riesz repre-
sentation theorem to conclude that there exists a unique element v € Dp with
D(u, ) = Fy(u) for every u € Dr. Hence

jlggo(uaj (f)sv)r2p,py = Jlgglo D(us;(f),?)
D(u, )

= (’LL,’U)LZ(D7E).

This exactly means that {us, (f)} converges weakly in L?(D, E).
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Now we easily calculate

A91§I£0+(Aué(f)7 Av)r2(pp)y = Aal(i;lj)l% (D(us(f),v) = (us(f)v)r2(,E))

= D(u,v) - (U7U)L2(D,E)
= (Au, AU)L2(D,F)
(4.2)
for all v € Dr. Combining (4.1) and (4.2) we see that (2.4) holds true for u. O

Note that if (2.4) is solvable then there exists a solution u which is L?(D, E) -
orthogonal to Dy NSa(D).

We will have a stronger statement than Theorem 4.1 if we prove the following
lemma.

Lemma 4.3. If there exists u € Dy satisfying (2.4) then the family {u.(f)}eso is
bounded in Dr and

Jim A — )50, =0

Moreover, {u-(f)}eso converges weakly to uw € Dr as ¢ — 0+, if u is L*(D, E) -
orthogonal to Dr NS (D).

Proof. Let there exist u € Dr satisfying (2.4). Set R. = u.(f) —u. Then (2.4) and
(3.2) imply
(43) (AR57 AU)LQ(D,F) +¢€ (RE, U)LQ(D,E) = —£ (’U/7 U)Lz(D,E)
for all v € Dy, i.e., Re = uc(0, —u) is the solution to Problem 3.1 with f = 0 and
h = —u.

According to (3.1) and Lemma 3.1 we have

D(R.) < | R ||

|
Ve

1
\/g \/E ||u||L2(D,E)

<

= HU||L2(D,E)-
Therefore, the family {R.}.~¢ is bounded in Dr, and so the family {u.(f)}cs0 is
bounded, too. Now (4.3) implies

Jim [A(ue(f) = w)Fep ) = Jim AR 72 py

= Jim e (IRl + (0 R
= 0.

Finally, let us prove that {u.(f)}es0 converges weakly to u in Dy as € — 0+,
provided that u is L?(D, E) -orthogonal to D7NS 4(D). We argue by contradiction.
Indeed, if {uc(f)}e>0 does not converge weakly to w in Dr then there are v € Dr,
v > 0 and a sequence {¢;} tending to 0+ as j — oo, such that
(4.4) |D(ue, —u,v)| >

for every j € N. But the sequence {u.,} is bounded in the Hilbert space Dr, and
S0 it possesses a subsequence which converges weakly in Dp. By abuse of notation
we denote it again by {u.,}. As we have already seen in the proof of Lemma 4.2,
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the weak limit of {u.,} is u. This contradicts (4.4), and thus the assertion of the
lemma is proved. ([

The proof of Theorem 4.1 is complete. O

Note that if Problem 2.1 is solvable then there exists a unique solution u which
is L?(D, F) -orthogonal to Dy NS (D).

Corollary 4.4. Suppose f belongs to the closure of ADr in L*(D,F). Then the
family {ue(f)}eso is bounded in Dy if and only if Problem 2.1 is solvable. Moreover,

[Auc(f) = fll2(p,r) =0

and even {us(f)}eso converges weakly, when ¢ — 0+, to the solution u € Dy of
Problem 2.1 which is L*(D, E) -orthogonal to Dr N Sa(D).

Proof. This follows from Theorem 4.1 and Lemmas 4.3 and 2.5. (I

lim
e—0+

Is it true that {u.(f)}e>0 converges to u in the topology of H”.(D U I'°, E) if
u € Dr is the solution to Problem 2.1 which is L?(D, E) -orthogonal to DrNSa(D)?
To answer this question we observe, by Lemma 4.3, that the family {u.(f) —u}eso
is bounded in Dt and

dim [[A(ue(f) = w2 o) = O,

tue(f) —u) = 0

on I' for every € > 0. Then, applying [Tar97, Theorem 7.2.6] we see that {u:(f)}e>0
converges to v in H?. (DU I'°, E).

5. THE WELL-POSED CASE

It is well known that a linear operator T : H — H in normed spaces has a
continuous inverse if and only if ||u|lg < ¢||Tul|z for every uw € H, the constant
¢ > 0 being independent of u. Hence, the (Cauchy) Problem 2.1 is well-posed if
and only if there exists a constant ¢ > 0 such that

(5.1) llullz2(p,p) < cllAullz2(p,F)
for all u € Dyp.
Theorem 5.1. Let the (Cauchy) Problem 2.1 be well posed. Then for every f €

L?(D, F) there exists a limit

o= lig ue)

in Dp. Moreover, u is the solution to Problem 2.1 if f belongs to the closure of
ADr in L*(D, F).
Proof. Indeed, it follows from (5.1) that the Hermitian form

h(u,v) := (Au, Av)2(p,F)

defines a scalar product on Dr inducing the same topology as the original one. We
now use the Riesz representation theorem to see that for every f € L?(D, F) there
is a unique element u € Dy satisfying (2.4).

Moreover, (5.1) yields

D(us(f) - u) <ve+1 ”us(f) - u”s
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Then using (4.3) and Lemma 3.1 we see that

D(uc(f) —u) ¢+ 1luc (0, —u)|
+1vellullL2o,5)-

TT

<
<

Therefore, we get

Jim D(ue(f) —u) =0,

and so Corollary 4.4 shows that u is a solution to Problem 2.1 provided f belongs
to the closure of ADy in L*(D, F). O

Apparently, if A is a differential operator with finite-dimensional kernel S 4(D)
then the (Cauchy) Problem 2.1 is well posed for A.

Example 5.1. Let X = R, A = d/dx, D = (a,b) with —co < a < b < o0, and
I' ={a}. Then D4 = H'(D). The Cauchy problem

u'(x) = f(z) for =z € (a,b),

u(a) = up,

with ug € R, is known to be well posed in Sobolev spaces as well as in spaces of
smooth functions on [a, b]. Its solution can be easily found by the formula

x)=uo+/zf(y)dy~

Let us look at the corresponding family of mixed problems. In this case we have
A* = —d/dx and 0D \ I'° = {b}, hence the mixed problems are
"x)—eu(x) = f'(z) for =z € (a,b),

us(a) = wp,

ug(b) = f(b),

where ug € R is arbitrary. One easily calculates that

sinh(y/e(z — a)) /b
cosh(y/e(b — a)) J

U

ue(®) = uo + / £() cosh(vE(z 1)) dy+ f(y) sinh(VE(b—y)) dy
and

lim u. =u
e—0+

even in the norm of C'[a,b], if f € Cla,b].
6. FINDING THE SOLUTION

Let us discuss the very important question of how to find the solution of Problem
3.1, and hence a solution to Problem 2.1. Of course, if an explicit orthonormal basis
{€ei}ien in the space Dr with the scalar product (-,-). is available, then one easily
obtains

(6.1) = (u(fh)
j=1

According to (3.2) we have
(6.2) (ue(f ), ei)e = (f, Aei)2(p,ry + € (hs €i) 2(D,B)
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hence (6.1) and (6.2) give us a complete description of the solution wu.(f,h) to
Problem 3.1. Unfortunately, it is not an easy task to construct an explicit basis

{ei}iel\L

Example 6.1. Let I' = 9D NS where S is a sufficiently smooth hypersurface near
0D. Choose a defining function §(z) for S. Then we can start with a linearly inde-
pendent system of the form {(6(z))™ ' P;(x)} in Dr, where P;(z) are polynomials
of increasing degree taking their values in F,. Orthogonalising it by the standard
Gram-Schmidt procedure we arrive at an orthonormal system in Dp. In order to
obtain a basis we have certainly to guarantee that the system {(§(x))™ 1 P;(x)} be
dense in Dpr. However, for applications it suffices to have merely a finite number
of basis elements.

Let us describe an alternative way of finding the solution. Assume that the oper-
ator A* A+ e possesses the Unique Continuation property (U)s in a neighbourhood
of D. Then it has a two-sided fundamental solution there (see for instance [Tar95a]).
Fix such a fundamental solution &.(x,y) for A*A + €. For each s > 0, it induces a
continuous linear map &, : H*(D, E) — H**?>™(D, E) by u — 7, ®.(esu) where
e4+ means the extension by zero to all of X and r; the restriction to D. This map
actually extends to a continuous map &, : H*(D, E) — H*"?™(D, E) for all s € R,
being a right inverse of A*A + €. Every element u € D4 may be thus written in
the form

(6.3) u=U+ P ((A" A+ e)u),

where U € Do NS a-a1e(D). Indeed, fix u € Dy. Since Au € L?(D, F) we deduce
that A*Au € H-™(D, E). It follows that

P ((A*A+eu) € H™(D,E)
C Dy

Setting U = u— P ((A*A+¢)u) yields readily (6.3) with U € DaNSgxa1e(D), as
desired.

In practice one usually has only a complete linearly independent system {U;};en
of solutions to (A*A + )U = 0 on neighborhoods of D, or even on all of X°.

Lemma 6.1. Assume that A*A + € possesses the Unique Continuation Property
(U)s. If M C Sa-ate(D) is a dense set in C™ (D, E) N Sa+ate(D) then it is
dense in Dy NS a-ae(D).

Proof. When endowed with the scalar product (-,-)e, Da NSa=a+:(D) is a Hilbert
space. Hence it suffices to prove that the orthogonal complement of M in this space
is zero.

To this end, pick u € Da N Sa-ate(D). Since u belongs to L?(D, E) it has a
finite order of growth near 0D, cf. [Tar95b]. It follows that the expressions ¢(u)
and n(Au) have weak boundary values up and u; in the space of distributions on
oD.

Let vy € @;;51000(81), F;). As t is a Dirichlet system of order m — 1 on 0D,

there is a section v € C°°(D, E) satisfying t(v) = vg. Then

< up,vp >=: lim (n(Au),v), dss(x)
6—0— 8Ds
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and the definition does not depend on the particular choice of v. Since the Dirichlet
problem for A*A+e¢ in D is uniquely solvable over the whole scale of Sobolev spaces,
we can take v € C*°(D, E) NS 4= a+<(D).

If w is orthogonal to M C Sa=a4.(D) with respect to the scalar product (-,-)c
then

0 = (u,v)e

lim (Au, Av), dx + € (u,v) 12(D, B)
6—=0—Jp; ’

—  lim ( /8 Dé(n(Au),t(v))mds(g(z)qL /D 5(A*Au, v)mda:> + & (u,0) 2. 1)

6—0—

= lim (n(Au), t(v)), dss(x)
6—0— dDs
forallv € M. As M is dense in C™ 1(D, E)NS a+ a4<(D) it follows that n(Au) = 0
on 0D.
On the other hand, since u € Dy it can be approximated in the norm D(-) by a
sequence {u} C C(D, E). Then

(u,u)e = lim (u,ug)e
k—oo
= lim lim (n(Au), ug) dss(z)
k—o00 §—0— 6D5
=0
whence ©u =0 in D. O

For M = Sa+a+e(X°), the hypothesis of Lemma 6.1 is not too restrictive. It
is fulfilled, e.g., if the complement of D has no compact components in X°, see
[Tar95a]. In particular, this is the case if 9D is connected.

Applying to {U; };en the Gram-Schmidt orthogonalisation procedure with respect
to the scalar product (-,-)e, we obtain an orthonormal basis {b; = b;(¢)}ien in
DanN SA*A_;_E(D).

The equality (6.3) suggest us to look for solutions to mixed Problem 3.1 of the
form

(6.4) ue(f,h) = @(A*f +eh) + Y ci(e)bi(e)

i=1
where the series on the right-hand side converges in D4. The point is to find
the coefficients ¢;(¢) through f and h. For this purpose, we denote by IIy . the
orthogonal projection

DaNSgare(D) = DrNSa-ate(D)
with respect to the scalar product (-, -)..

Lemma 6.2. Fach solution u.(f,h) € Dr of Problem 3.1 may be written as the
series (6.4) where

ci(e) = (f, Allp cbi) 2(p,py + € (hy 1P cbi) p2(p By — (P (A" f +€h), b;)e.
Proof. Indeed, let u. € Dr be a solution of Problem 3.1. As we have seen in §3,

(A*A+e)u. = A*f +¢h
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in D. Using (6.3) we easily arrive at (6.4) with some uniquely defined coefficients
ci(e).
Write ﬁp’e for the orthogonal projection D4 — Dp with respect to (-, ). Since
IIr . is self-adjoint in D4, we get
(usa bz)s = (ﬁl’,sus,bi)s
(65) = (uea ﬁF,Eb’i)E
= (f,Allp cbi)r2(p,r) + € (hy IIp 2bi) 12(D,B).

the last equality being a consequence of (3.2).
Now (6.4) implies

(u€7 bi)s = (QE(A*JC + 5h)7 bz)e + Ci(g)'
Combining this with (6.5) yields
ci(e) = (f, Aﬁr,ebi)L2(D,F) + ¢ (h, ﬁF,abi)LQ(D,E) — (Qe(A™f +¢€h),bi)e.
Finally, for every v € C3, (D, E) we get

comp
(Ipcbiy (A"A+e)0)2ppy = (Al by, Av)2(p.ry + € (Ip cbiy 0) 12(D, gy

= (bi, I .v).

= (b;,v)e

= ((A"A+¢)bi,v)12(p,R)

0.

This means that ﬁ]‘ysbi belongs to Dy N Sa+ate(D) whence f]p’ebi = Ilp b,
showing the lemma. O

We have thus derived expressions for the coefficients ¢;(g) through f and h.
However, it is not an easy task to explicitly construct the family of projections
{HF,E}-

Lemma 6.3. For every u € Da N Saxatre(D), the projection IIp cu just amounts
to the solution of Problem 3.1 with f = Au and h = u .

Proof. By the very definition, IIr ;u € Dy NSaxa4.(D) and
(u - HF,sua v)s =0

for all v € Dy satisfying (A*A +e)v =0in D.

Further, the solution u. = u.(Au,u) of Problem 3.1 with f = Au and h = u
belongs to Dr NS axate(D) because A*f +eh = (A*A + £)u = 0. Moreover, (3.3)
gives

(u—ue,v)e =0
for all v € Dr.

We wish to show that IIr cu = u., which is equivalent to ||IIr .u — u.||c = 0. To
this end, write

(HF,au — Ug, HF,EU - ua)a = - ((u - HF,au) - (u - ua)7 HF,EU - ua)a
= - (u - HF,EU7 HF,SU - us)s - (u — Ueg, HF,EU - u5)5~

By the above, both summands on the right-hand side vanish because I .u — u.
belongs to Dr NS axa4e(D). O
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Of course, the lemma does not allow one to effectively determine the Fourier
coefficients ¢;. On the one hand, to find ¢; we only need to know Iy .b;. On the
other hand, this requires, by Lemma 6.3, a solution of Problem 3.1 with very special
data f and h.

Let us now describe how to find solutions to Problem 3.1 for “good” data. For
this purpose we introduce for s > 2m the Hermitian form

h(u,v) = (t(u)vt(v))@ﬂsfmjfl/z(npj) + (n(Au)vn(Av))@Hs’m*mj*1/2([‘)D\F°,Fj)
on the space H of all u € D4 NS a+a+.(D) with the property that
tu) € @ HTmITYA(LLFY),
n(Au) € @ 'H MM Y2(9D\ I°, F)),

the expressions ¢(u) and n(Au) being understood in the sense of weak boundary
values.

Lemma 6.4. Suppose s > 2m. When endowed with the scalar product h(-,-), H is
a Hilbert space.

Proof. Indeed, (3.7) implies that h(-,-) is a scalar product on H. Moreover, if {uy,}
is a Cauchy sequence in H then it a Cauchy sequence in D4 NS a4+ a4 (D). Since this
latter is a Hilbert space, {ux} has a limit w in this space. Moreover, both {t(ux)}
and {n(Auy)} converge to t(u) and n(Au) in the space of distributions on 9D,
or, more precisely, in EB;“;()lH*mﬁlﬂ(aD,Fj) and @;v”zfolH*m*mrl/Q(&‘D,Fj),
respectively. By assumption, {¢(uy)} and {n(Auy)} are Cauchy sequences in the
Hilbert spaces EB;”:BlHS*mfl/Q(F,Fj) and @T:BlHS*m*mfl/z(aD \ I'°, F}), re-
spectively. Hence, they converge to elements ug and u; in these spaces. Finally,
the uniqueness of a limit yields ¢(u) = up on I' and n(Au) = uy on 9D \ I'°, i.e.,
u € H, which completes the proof. [

Let {U;}ien be a complete linearly independent system in H. Applying the
Gram-Schmidt orthogonalisation to {U;};eny we get an orthonormal basis {B;}ien
in H.

Theorem 6.5. Let s > 2m. Then, for every w € HS=?™(D, E) and
uy € @ HT AL Fy),
uw € @I HTmTmTV2(ODN\ 0, Fy),

the series

u=b.(w)+) kB
=1

converges in Da and satisfies (3.5), provided that
ki = h(u — @.(w), B;).

Proof. This is a direct consequence of Theorem 3.2. Recall that the boundary
equations t(u) = ug on I" and n(Au) = u; on 9D \ I'° are interpreted in the sense
of (3.6). O

From this theorem we deduce, in particular, that

o0
I b, = Z k;B;,

g=1
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with the coefficients

ki = (n(Abl)), n(ABi))eBHS’mfmJ‘71/2(8D\F°,Fj)'

Knowing Il b; we can find, by Lemma 6.2, the solution of Problem 3.1 for any
data f € L*(D,F) and h € L*(D,F). Of course, if both f and h are smooth
enough, namely f € H~™(D, F) and h € H*~?™(D, E) with s > 2m, then we can
determine the solution of Problem 3.1 directly by Theorem 6.5.

One question still unanswered is whether a complete system {U; };en in H may
be chosen to consists of solutions to (A*A + &)u = 0 on neighbourhoods of D.
Analysis similar to that in the proof of Lemma 6.1 shows that this is always the
case if 0D is smooth enough, e.g., of class C?™~ 1.

7. DIRAC OPERATORS

Let X = R", where n > 2, and E = R" x C¥, F = R" x C!. The sections of F
are functions of n real variables with values in C*, and similarly for F.

Let A be a Dirac operator, i.e., a homogeneous first order differential operator
with constant coefficients in R™,

- 0
j=1
such that

(7.1) (e(A)(©)) o(A)(€) = €I Br

for all ¢ € R™. Here, A; are (I x k)-matrices of complex numbers and Ej, is the
identity (k x k)-matrix.

The Dirac operators satisfy A*A = —FEy A, where A is the usual Laplace oper-
ator in R”.

The perturbed mixed problem (3.3) reads as

(—A+eu. = A*f in D;
tlus) = 0 on T,
n(Au;) = n(f) on OD\T°,

where
n(f) = (o(A) (Vo))" f

and ¢ is a defining function of D in the sense of (1.2). Thus, this is a family of
mixed problems for the Helmholtz equation.

We are going to study the (Cauchy) Problem 2.1 on the unit ball D = B in R"™.
To this end, we pass to spherical coordinates © = r S(p) where ¢ are coordinates on
the unit sphere 9D = S in R™. The Laplace operator A in the spherical coordinates
takes the form

(7.2) A= %((r%)z +(n—-2) (r%) — AS),

where Ag is the Laplace-Beltrami operator on the unit sphere.
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To solve the homogeneous equation (—A + €)u. = 0 we make use of the Fourier
method of separation of variables. Writing u.(r, ) = g(r,€)h(p) we get two sepa-
rate equations for g and h, namely

2y +o-a) - = oo
Agh = Ch,

¢ being an arbitrary constant.

The second equation has non-zero solutions if and only if ¢ is an eigenvalue of
Asg. These are well known to be ¢ = i(n +1i — 2), for s = 0, 1,... (see for instance
[TS72]). The corresponding eigenfunctions of Ag are spherical harmonics h;(¢) of
degree 1, i.e.,

(7.3) Ash; =i(n+i—2)h,.

Consider now the following ordinary differential equation with respect to the
variable r > 0

(7.4) ((r%)Q +(n—2) (r%) — (i(n+i—2)+er?) )g(r7 ) = 0.

This is a version of the Bessel equation, and the space of its solutions is two-
dimensional.

For example, if ¢ = 0 then g(r,0) = ar® + br?~*~" with arbitrary constants a
and b is a general solution to (7.4). In this situation any function r'h;(¢) is a
homogeneous harmonic polynomial. In the general case the space of solutions to
(7.4) contains a one-dimensional subspace of functions bounded at the point r = 0,
cf. [TS72].

Fori=0,1,..., fix a non-zero solution g;(r, ) of (7.4) which is bounded at r = 0.
Then
(7.5) (—A+¢) (gi(r, £)hi()) =0

on all of R™. Indeed, by (7.2), (7.3) and (7.4) we conclude that this equality holds
in R™ \ {0}. We now use the fact that g;(r,e)h;(¢) is bounded at the origin to see
that (7.5) holds.
It is known that there are exactly
J(i) = (n—|—2i“— 2)(n +1i—3)!
il(n —2)!

linearly independent spherical harmonics of degree i. In [Sh196] a system

{HD ()} mon..

J=1,...,k J(i)

of CF -valued functions is constructed, such that

1) the components of H, 1-(j ) (¢) are spherical harmonics of degree i;

2) {Hi(j)(go)} is an orthonormal basis in L%(S, E);
3) {4 (riHi(])(w))} is an orthogonal system in L*(B, F).

More precisely, this system {HZ(] )(<p)} consists of eigenfunctions of the operator
noA,

(7.6) (@(AESE) A (B () =AY (FHD ().,

where )\Z(-j) > 0.
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Lemma 7.1. The system
(07 (r,0,€) = gi(r,e) H (9)} imon,...
is orthogonal with respect to both Hermitian forms (-,-)r2m,p) and (A-, A-) 2 F).

Proof. Indeed, as {Hz(j )} is an orthonormal basis in the space L%(S, E) on the unit
sphere, the system {bl(j )} is orthogonal in L?(B, E) because

' . 1
(b7(:])7 b,(f))m(rB,E) = (Hi(j), H;[(;q))L2(S,E) /o " gi(re)gp(r,e) dr
= 0

for i £ por j #q.
Further, integrating by parts we get

(7.7) (Ab, AbY) La(s,ry = — (b7, AV 128, + 90(1€) () n(AB)) 126, -
On the other hand, (7.5) implies

(78) — (0, A 2, + 2 (0 B 12,8 = 0

for i #por j#q.

Let us write the expression n o A in spherical coordinates. Denote by S’(¢) the
Jacobi matrix of S(¢). Set

()" = (9T 5@) (@)

Since the rank of (i) is equal to n— 1, the inverse matrix of (5'(¢))" §’(¢) exists
and is smooth. Moreover, (S"()) " is a left inverse for S’(¢). An easy calculation
shows that

0 0 1<, ., .10
9z, Si() 5+ 7 ; (S"()); By
where (S’(gp));jl is the (i, ) -entry of (S'(¢)) ™"
Now (7.1) implies
(7.9) nod=3 AirSi(p) Y Aj5 - =15+ R(%,0,)
k=1 j=1 J
where
n n n—1
¥ -1 0
R(p:0,) = > Ai (@) D45 3 (5D 5
k=1 j=1 i=1 B

Using (7.6) and (7.9) we conclude that
N HD(9) = n(ACHD (9)))
= 47t HZ-(j)(gO) + 7" R(p, 8¢)Hi(j)(<p).

Hence
R(e,0,)H (9) = (A7 =) B (),
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and so (7.9) yields

(7.10) n(A) = 7o HY + g; R(p,0,)H
= (rgb+ O —i)gi) Y.

Therefore,

(7.11) (", n(AbY) 125 1) = 0

for i £ por j #q. A
Combining (7.7) (7.8) and (7.11) we see that the system {bEJ)} is orthogonal with
respect to (A-, A-)r2z F)- ]

Remark 7.1. Note that gi(1, 5)+()\Ej) —i)gi(1,e) # 0 for all € > 0. Indeed, otherwise
n(AbEJ)) =0on S and (7.7), (7.8) would imply bz(]) = 0, which is wrong.

Theorem 7.2. For every § > 0, the system
{bgj) (’I“, @, 8)} ~i=0,1

J=1,...,k J(i)

is an orthogonal basis in the space Dy NS_atcg, (B) with the scalar product (-,-)s.

Proof. The orthogonality follows immediately from Lemma 7.1. As for the com-

pleteness of the system {bgj)} in Da NS_a4er, (B), we observe that the estimates
(3.1) guarantee that every scalar product (-,-)s with § > 0 induces in D4 the same
topology as D(-,-). Hence it is sufficient to prove the completeness for § = 1. Fi-

nally, since the system of harmonics {Hfj )} is dense in C™~1(S, E) we see that
{bl(-j)} is dense in C™ (S, E) N S_a1cr, (B). Then the completeness is a conse-
quence of Lemma 6.1. O

As a fundamental solution @.(z,y) of the operator —A + ¢ in R® we may choose
one of the standard kernels
@e(ivv y) = ei\/g\w—y| .
In R? we can take as &.(z,y) a Hankel function, see for instance [T'S72].
Example 7.1. Let A = V be the gradient operator in R™. For every domain

D cc R", we have Dy = H'(D). Since the estimate (5.1) holds true for V (see
[Mik76]), the (Cauchy) Problem 2.1 is well posed in Dr. In this case k = 1, | = n,

A* = —div is a multiple of the divergence operator in R™ and
0 0
A = _— = _—
e =l o or

where 0/0n is the derivative along the outward unit normal vector to dD. In
particular, this means that every homogeneous harmonic polynomial r*h; is an
eigenfunction of n o A corresponding to the eigenvalue \; = i. For example, in R?
we can take

1
Y = — 7€),
0 m gO( )
1
bgl) = ﬁ gi(r, €) cos(iy),
1
b§2) = ﬁ gi(r, &) sin(ip),
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where g; are Hankel’s functions. In the case s =5/2 and I' = {r = 1, ¢ € [0, 7]}
the Gram-Schmidt orthogonalisation in H gives
go(r, €)
VaVlgo(1,e)2 + g5 (1, )7
2g1(r,e) cos
Va1 e)? + g1 (1)
B® _ 2ago(r,e) + /mg1(r,e) sing
1 - )
Vb

BV

B =

with
a = go(l,s)gl(l,e)—g6(1,5)g£(1,£)7
3
b = §7T2+4a(1+\90(1a5)|2+|96(175)|2)7

and so on.

Example 7.2. Let A := 0; + v/—102 be (2-multiple of) the Cauchy-Riemann
operator in C. Then the (Cauchy) Problem 2.1 is ill-posed in Dp. In this case
k=1l=1, A* = —-01 ++v/—105 and

noA:/Eé:Tng\/fli
or dp

hold. The system {bgj )} may be chosen as follows

1
b(()l) = \/ﬁgo(n 5)7
1 .
o= — gi(r,e)eV L
! VZ ’
1 .
P = — gi(r,e)e V1w
! NZ '

with A%V =0, AV = 0 and A®) = 2.
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